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Minimal Six-Dimensional Supergravity with Vector and Tensor Multiplets
In the low-energy supergravity, the GreenSchwarz mechanism [1] results from couplings between antisymmetric tensors and vector fields whose anomalous behavior, for particular choices of the gauge group, cancels the reducible portion of the anomaly generated by fermion loops. In ten dimensions, this restricts the possible nonabelian groups to two choices, SO(32) or E 8 ×E 8 , while the residual, factorized anomaly is disposed of by the single antisymmetric tensor of the supergravity multiplet. On the other hand, in six dimensions the irreducible part of the gravitational anomaly cancels only provided [2] n H − n V + 29n T = 273 ,
where n V , n T and n H are the numbers of vector, tensor and hypermultiplets, a looser constraint compatible with a large number of non-abelian gauge groups. Moreover, in this case one can naturally build type-I models with variable numbers of tensor multiplets [3] as parameter-space orbifolds (orientifolds) [4] of K3 reductions of the type-IIB string, where several antisymmetric tensors take part in the anomaly cancellation [5] . The two cases show another marked difference. While the ten-dimensional GreenSchwarz coupling, B ∧ (F 4 − R 4 ), is a higher derivative term not visible in the low-energy lagrangian, the gauge portion of the corresponding six-dimensional coupling, B ∧ (F 2 − R 2 ), has sizable effects on the low-energy dynamics. † I. N.F.N. Fellow This talk is devoted to (1, 0) supergravity in six dimensions coupled to n tensor multiplets and to vector multiplets. It reflects only in part the lecture presented by one of us (A.S.) at the "String Duality II" Conference, since it expands the portion of the original discussion devoted to tensor multiplet couplings in six-dimensional (1, 0) supergravity. For completeness, we are also including some new results, that are fully presented in [6] .
The starting point is the coupling of (1, 0) supergravity to n tensor multiplets, originally studied by Romans [7] to lowest order in the fermi fields. Nishino and Sezgin [8] considered the coupling to a single tensor multiplet and to vector and hypermultiplets to all orders in the fermi fields, and have recently included some higherorder fermionic couplings in the theory with tensor, vector and hypermultiplets [9] . Here we complete the field equations and relate them to Wess-Zumino consistency conditions, in the spirit of [10] , for the case of an arbitrary number of tensor and vector multiplets. The n scalars in the tensor multiplets parameterize the coset space SO(1, n)/SO(n), and are described by the SO(1, n) matrix [7] 
All spinors are symplectic Majorana-Weyl. In particular, the tensorini χ m are right-handed, while the gravitino Ψ µ and the gaugini λ are lefthanded. The tensor fields B r µν are valued in the fundamental representation of SO (1, n) , and their field strengths include Chern-Simons 3-forms of the vector fields according to
where the c rz are constants that determine the gauge part of the residual anomaly polynomial
and z runs over the various factors of the gauge group [5] . Gauge invariance of H r then requires that
To lowest order in the fermi fields, the fermionic equations are [5] 
and
while the bosonic equations are
Moreover, the tensor fields satisfy (anti)selfduality conditions, conveniently summarized as [10] G rs H sµνρ = 1 6e
where
Under the supersymmetry transformations
the fermionic field equations turn into the bosonic ones, and this proves supersymmetry to lowest order. This theory has a gauge anomaly, as one can see from the divergence of the (non-integrable) vector equation [10] 
that reproduces the residual covariant anomaly. An integrable equation,
defines a gauge current that generates the residual consistent anomaly. However, the resulting theory is no longer supersymmetric, but has a corresponding supersymmetry anomaly [10] 
determined by the Wess-Zumino consistency conditions [11] . Moreover, one can prove that the divergence of the gravitino equation yields the supersymmetry anomaly.
As usual, the commutators of supersymmetry transformations close only on-shell on fermi fields. In order to complete the construction, all first order field equations and the supersymmetry transformations of the fermi fields must be made supercovariant. It should be appreciated that the former include the (anti)self-duality conditions (12) on tensor fields [12] . The complete theory can then be constructed imposing closure of the algebra on the fermi fields. This requires a long and tedious calculation, with the end result that the algebra closes on-shell in the expected fashion on all fermi fields, with the notable exception of the gaugini. Indeed, in this case the algebra generates all the local symmetries and the field equation, together with an additional term
We will return in the next Section to the crucial role of this charge. From the complete fermionic equations, one can deduce a lagrangian that generates them, and finally derive from it the complete bosonic equations. The lagrangian is
up to terms quartic in the fermions that we have omitted for simplicity. Actually, this is not quite the proper lagrangian of the theory, that would involve some peculiar couplings of the antisymmetric tensors, following the original proposal of Pasti, Sorokin and Tonin [13] , necessary to enforce their (anti)self-duality conditions. However, using these only after varying, eq. (18) yields the proper equations of all fields aside from the antisymmetric tensors. Moreover, varying with respect to the antisymmetric tensors yields their second-order equations, namely the divergence of the (anti)self-duality conditions of eq. (12) . The vector equation is not covariant already to lowest order, but all terms of higher order in the fermi fields do not affect the gauge anomaly.
It is now straightforward to study the effect of supersymmetry transformations, and one obtains
where F and B denote collectively the fermi and bose fields, aside from the antisymmetric tensors. Moreover, in eq. (19) one has to impose the complete (anti)self-duality conditions on the 3-form field strengths. The complete supersymmetry anomaly A ǫ that solves the Wess-Zumino consistency conditions comprises eq. (16), together with the additional terms
In general, the anomaly is defined up to the variation of a local functional. In our case, this reflects the freedom of adding to the lagrangian the term
that modifies the supersymmetry anomaly according to
This term affects the field equation of the gaugino, and thus the commutator of eq. (17) has to be reconsidered in order to accommodate this modification. As a result, after using the modified field equation, one is left with the residual term
As we will see in the next section, the presence of this 2-cocycle is strictly correlated to the presence of the anomaly, and indeed one can not eliminate it, as befits a theory that has a built-in anomaly for every value of α. Finally, one may show that the divergence of the complete gravitino equation is proportional to the complete supersymmetry anomaly.
Comments on Gauge and Supersymmetry Anomalies
If a supersymmetric Yang-Mills theory formulated in the Wess-Zumino gauge has a gauge anomaly, it must also have a supersymmetry anomaly, on account of the Wess-Zumino consistency conditions
whereΛ denotes the gauge parameter generated by the commutator of two supersymmetry transformations. The simplest example is provided by the globally supersymmetric Yang-Mills theory in four dimensions. From the four-dimensional gauge anomaly
and from eqs. (24), one can determine the form of the corresponding supersymmetry anomaly [14] . In particular, from the first of eqs. (24) one obtains
This satisfies the second of eqs. (24) if augmented by the gauge-invariant term
λ is a righthanded Weyl spinor and
Although the algebra closes only on the field equation of λ, in four dimensions it is not possible to generate from eqs. (24) a term proportional to γ µ D µ λ, and thus the Wess-Zumino consistency conditions close also off-shell. This was originally observed in [14] .
On the other hand, in six dimensions, starting from the residual gauge anomaly
the first of eqs. (24) implies a corresponding supersymmetry anomaly
that has to be augmented by the gauge-invariant terms
with coefficients satisfying the relations
As pointed out in the previous Section, these leave one undetermined parameter, in agreement with the fact that the anomaly is defined up to the variation of a local functional. Indeed, the variation
yields the sum in eq. (31) with A + B = 0 and C = 4A − 2B, so that adding it to A ǫ effectively does not affect eqs. (32). The main result, anticipated in [14] , is that in six dimensions the last of eqs. (24) generates terms containing one derivative and four gaugini, that cancel only using the Dirac equation γ µ D µ λ = 0. To reiterate, in six dimensions the Wess-Zumino consistency conditions for an anomalous Yang-Mills theory close only on shell.
The freedom of adding to the anomaly a δλ 4 term is another, related feature of the sixdimensional case that we would like to stress. Indeed, one can easily observe that in D dimensions the effective weight 3 of the supersymmetry (22). Using the field equation of the gaugini for arbitrary α, the last of eqs. (24) on this term yields,
where δ α is the transformation defined in eq. (23). The end result is that this transformation exactly equals the last term in eq. (37), and thus one can understand the rationale behind the occurrence of the 2-cocycle in the algebra on the gaugini: it lets the Wess-Zumino conditions close precisely on the field equations determined by the algebra. Since the Wess-Zumino conditions need only the equation of the gaugini, only these fields sense the additional transformation.
To summarize, in six dimensions the GreenSchwarz mechanism exhibits some relevant novelties, since the Green-Schwarz term is in this case B ∧ F ∧ F . Although generated by a one loop contribution from the string viewpoint, in the low-energy supergravity this introduces treelevel anomalies that are compensated by fermion loops. This fact has important consequences for the low-energy couplings, that play a central role in perturbative six-dimensional type-I vacua and in recent discussions of string duality [15] , some of which we have tried to elucidate.
